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Geometric intuition

Fact: geometrical intuition is a powerful didactic resource. J

But how much can we use (or abuse) geometric images without exposing
the rigor? As rigorous thinking should be one of the skills provided by the
early study of mathematics. The key is not to confuse intuition (a
plausible statement) with truth (those statements that are already proved).
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Arithmetic and Geometry

2ab + b

I
&,
+

25 + o0 + 36

121

That is a geometric illustration of an arithmetic identity.
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Arithmetic and Geometry

P4+22 433+ 4P =(1+243+--

+ n)2

That is even better!
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Pythagoras Theorem

a*+ b?=c?




A proof of Pythagoras Theorem?

Is that a mathematical proof? J
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The proof mathematicians like... why?

1.47. En un tridngulo rectdngulo el cuadrado de la hipotenusa es igual a la suma de
los cuadrados de los dos catetos.

En el tridngulo ABC, rectingulo en C, tricese CF, perpendicular a la
hipotenusa AB, como se ha hecho en la figura 1.3d. Tenemos asi tres
tridngulos rectingulos semejantes, ABC, ACF, CBF, cuyas hipotenusas son
AB, AC, CB. Por VI.19, sus dreas satisfacen la proporcién

ABC _ ACF _ CBF
AB: = ACE~ CB*

Es evidente que ABC = ACF + CBF. Por lo tanto, AB*> = AC* + CB*.

Figura 1.3d
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Conservation of mass: an intuition

We learn in childhood that the sum of the weight of parts coincide
with the weight of the total.

CONSERVATION OF TMAN




Conservation of mass: a scientific fact

Moreover, the mass is conserved not only for division into pieces.
Lavoisier proved that the mass is conserved in chemical reactions.

Actually, when a great amount of energy is involved is necessary to use
Einstein's equivalence formula E = mc? to keep a right balance.
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Area, or volume, is not the same that mass

Are we sure that the area is invariant by decompositions into pieces? Pay
attention to the following stroy.

Mr. Randi, the world
famous magician, owns a
rug that is 13 decimeters by
13 decimeters. He wants to
change it to an 8-by-21 rug.
Mr. Randi took the rug to
Omar, a rug dealer.

-

13
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Area, or volume, is not the same that mass

Randi: Omar, my friend, |
want you to cut this rug into
four pieces, then sew them
together to make an 8-by-
21 rug.

Omar: I'm sorry, Mr.
Randi. You're a great magi-
cian but your arithmetic is
terrible: 13-by-13 is 169, 8-
by-21 is 168. It won’t work.
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Area, or volume, is not the same that mass

4 Randi: My dear Omar.
The great Randi is never
13 wrong. Kindly cut the rug
5 into four pieces like this.
8
A
5 8
\.

M. Raja (Universidad de Murcia) Area LUBANGO 1/06/2023 12 /55



Area, or volume, is not the same that mass

Omar did as he was told.
Then Mr. Randi arranged
the pieces, and Omar
sewed them together to
make an 8-by-21 rug.
Omar: | can't believe it!
The area has shrunk from
169 to 168! What hap-
pened to that missing

\. _/ square decimeter?

Is there anything weird? Think carefully. .. We trust so much on the
invariance of area that Randi cannot cheat us.
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The foundation of a mathematical theory of magnitude

So far we have think about area as preexisting notion. Even, when we
study the notion of integral for the first time the teacher says to us that
the integral represents the area under the graph. At the end, we can
recover a definition of area from integration theory but that is a
“privilege” reserved for mathematicians. .. The challenge is how to define
rigorously a notion of area at an elementary level.

If we wish to provide a rigorous definition of area for polygons, we should
start by the triangles. . . and the first difficulties show up.
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The foundation of a mathematical theory of magnitude

Once we have the fundaments of our theory, we can explore related
problems.
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Theorem of Bolyai-Gerwien

- )‘\

Two polygons with the same are can decomposed into the same
polygonal pieces.

J
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Is there a theorem of Bolyai-Gerwien for polyhedra?

2

Can be a cube decomposed into smaller polyhedra in order to produce a
tetrahedron? That was asked by David Hilbert among the famous 23
problems list he posed in 1900.
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Is there a theorem of Bolyai-Gerwien for polyhedra? NO

=+

\---——- - -

\
\

Dehn proved that cube and tetrahedron of the same volume are not
equivalent by decomposition into smaller polyhedra.
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Dehn's invariant

Dehn found a magnitude associated to polyhedra that is invariant by
rearrangements and proved its value is different for cube and
tetrahedron.
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The volume of the pyramid

How we can justify the formula for the volume of a pyramid at an
elementary level?
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The volume of the pyramid

The decomposition of a triangular prisma into three pyramids with
the same volume.
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The volume of the pyramid: Cavalieri

The idea is to show that two pyramids with equal base and height
must have the same volume. J
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Cavalieri

Isn't Cavalieri's principle rather a geometric intuition that a fact?
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Area of circle

Cavalieri's principle can be justified by approximation... but that
implicitly assumes that the volume of both sets exists a priori. We
find the same obstacle with the area of the circle.

000
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The circle as a countable union of triangles

—_——
Exhaustion method can be understand in terms of an infinite
decomposition... in the case of the circle we can use triangles.
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Series
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Series
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Georges Cantor

N < realsin(0,1)
1 o .835987...
2 o .250000...
3 < .559423...
4 < .500000...
5 « .728532...
6 o

.845312...

=
!
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Dealing with the infinite

T il 14

FiGure 5

An African native and Prof. G. Cantor comparing the numbers beyond
their counting ability.
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The paradoxes of the infinity

Before Dr. Zeta left, he told
a fantastic story.

Dr. Zeta: Hotel Infinity is
an enormous hotel at the
center of our galaxy. It has
an infinite number of rooms
that extend through a black
hole into a higher dimen-
sion. The room numbers

\_ / start at 1 and go on forever.
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The paradoxes of the infinity

Dr. Zeta: One day, when
every room was occupied, a
UFO pilot, on his way to
another galaxy, arrived.
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The paradoxes of the infinity

3

o o

N

gt

4

4

Dr. Zeta: Even though
there was no vacancy, the
hotel manager found a
room for the pilot. He just
moved the occupants of
each room to the room with
a number that was one
higher. This left Room 1
vacant for the pilot.
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The paradoxes of the infinity

Dr. Zeta: The next day,
five couples on their honey-
moons showed up. Could
Hotel Infinity take care of
them? Yes, the manager
simply moved everybody to
a room with a number that
was five higher. This left
rooms 1 through 5 vacant
for the five couples.
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The paradoxes of the infinity

M. Raja (Universidad de Murcia) Area

Dr. Zeta: On the weekend
an infinite number of bub-
ble gum salespeople came
to the hotel for a conven-
tion.

Herman: | can understand
how Hotel Infinity could
take care of any finite num-
ber of new arrivals. But
how could it find room for
an infinite number?

LUBANGO 1/06/2023
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The paradoxes of the infinity

4 N Y Dr. Zeta: Easily, my dear

%) ?% ? 6) j Herman. The manager just
moved everyone t

R | m a nl:br:ft;ern:vigeaasmm
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The paradoxes of the infinity

Herman: Of course! That
“ put everybody in a room

o|| with an even number. This
| left all the odd-number
rooms—an infinity of

8 them—vacant for the bub-
ble gummers!

M. Raja (Universidad de Murcia) Area LuBaNco 1/06/2023 36 /55



Set Theory
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Set Theory: point sets in the plane
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Measure Theory: Henry Lebesgue
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Measure Theory: integration

LECONS
SUR L’INTEGRATION

RECHERCHE DES FONCTIONS PRIMITIVES,

PROFESSEES AU COLLEGE DE FRANCE

PAR

Henri LEBESGUE,

MAITRE DE CONFERENCES A LA

FACULTE DES SCIENCES DE RENNES.
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A

Measure Theory: integration

Figure 5a
Méthode de Riemann
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Measure Theory: integration

A

Figure 5b
Méthode de Lebesgue
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Measure Theory: the outer measure

The only elementary fact we requiere is the additivity of the area for
rectangles whose sides are parallel to the axes.

J
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Measure Theory: the generality

All the “definable sets” are measurable (in the sense of Lebesgue)... Is
there a non-measurable set? We need to go a little deeper in Set Theory
in order to answer the question.
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Set Theory meets Logic

But Set Theory is not as simple at it seems. )

4 3 The famous barber paradox

was proposed by Bertrand
I shave of/ those Russell. If a barber has the
f"en in Town, and

sign at the left in his win-
°”;V those men,

dow, who shaves the bar-
{ ber?

| AXXYWD

-
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Set Theory meets Logic

s ™ If he shaves himself, then

he belongs to the set of
men who shave themselves,

% But his sign says he never
shaves anyone in this set.

A Therefore he cannot shave
N himself.
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Set Theory meets Logic

4 \ If someone else shaves the
barber, then he’s a man
who doesn’t shave himself.
But his sign says that he
does shave all such men.

( Therefore no one else can
shave the barber. It seems
as if nobody can shave the
barber!

This Paradox was adapted by Bertrand Russell and it almost destroy Set
Theory at its very beginning. .. The foundations of Set Theory should be

taken very seriously too.
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The Axiom of Choice

It is possible to “build” a non-measurable set using a somehow “polemic
axiom” from Set Theory

Now, Mathematics as a whole, is founded on Set Theory and Logic. J
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The Banach-Tarski paradox
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The Banach-Tarski paradox

The Axiom of Choice has many nice consequences in Mathematics. For
instance, the existence of a finitely additive “measure of area” defined on
all the subsets of the plane. But the Axiom of Choice is also the key for
one of the weirdest mathematical phenomenons.

Banach and Tarski proved that a (3-dimensional) euclidean ball can be
decomposed into finitely many parts in such way that rearranged produce
two balls alike to the original one.
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Godel's incopleteness

Is the Axiom of Choice the last brick for the foundation of Mathematics? |
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The Spectral Gap

There is a difference between Real World and Mathematics: in the Real
World we have the Conservation of Mass Law; in the mathematical
universe we have the Banach-Tarski paradox. .. Are we sure that the
Axiom of Choice doesn't mess with the Real World?

The Spectral Gap

The authors’ mathematical proof took on the question
of the “spectral gap”—the jump in energy between P
the ground state and first excited state of a materi- -----

al. When we think of energy states, we tend to 5 g ;7 Nudeus %, E
s g : é Electron

think of electrons in atoms, which can jump up

and down between energy levels. Whereas in 3 - BN
atoms there is always a gap between such levels, T a
in larger materials made of many atoms, there is ............. .
sometimes no distance between the ground state and Excited state

the first excited state: even the smallest possible amount of -
energy will be enough to push the material up an energy level. Such materials are
called “gapless.” The authors proved that it will never be possible to determine whether
all materials are gapped or gapless.
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The Spectral Gap

Undecidability of the Spectral Gap
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Some books

TEORIA
INTUITIVA
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Muito obrigado! |

https://webs.um.es/matias/
https://matiasraja.es

M. Raja (Universidad de Murcia) Area LUBANGO 1/06/2023 55/55


https://webs.um.es/matias/
https://matiasraja.es

